A model of the attitude system for a quadrotor unmanned aerial vehicle (QUAV), assumed to be a rigid body, is developed. For speci c parameter con gurations, a chaotic region with a saddle and two stable node-focus equilibrium points is identi ed. e chaotic model provides an important reference for dynamic analysis and a challengeable task of controller design once the ight enters the chaotic region of parameters. e pitchfork bifurcation of the equilibrium points is provided. Rich dynamics of the system are revealed by two bifurcation regions, which demonstrates the diversity of the ight behaviors as the parameters vary. One bifurcation analysis is with respect to the speed of the front propeller and the speed di erence of the front and left propellers, and another one is with respect to the speed of the front propeller and moment of inertia. e dynamic characteristics of the QUAV are further veri ed by the Casimir power bifurcations. e trajectories of three settings with di erent structural parameters are analyzed in detail. e stability of the QUAV is found to be enhanced for certain optimized values of the structural parameters. Finally, using the Casimir power and Lagrange multiplier method, a supremum bound of the chaotic attractor is presented.
Introduction
e quadrotor unmanned aerial vehicle (QUAV) is a multirotor craft capable of autonomous control of its ight. Because of its small scale, low cost, exible maneuverability, and high payload capability, it has speci c advantages. Very recently, QUAVs have aroused great interest among many researchers around the world, including those in industries, academia, and governments [1] . is popularity is due to their wide range of applications such as military ghting, search and rescue missions, law enforcement, aerial cinematography, power-plant inspection, and agricultural and forestry spraying and supervision [2] .
In practical applications, the spatial position of a QUAV is typically controlled by an operator via a remote-control system that uses visual feedback through an onboard camera and GPS, whereas the attitude (referring to the angular attitude in the whole paper) of a QUAV is automatically operated via an onboard controller. e attitude controller allows the QUAV to maintain a desired orientation, thus preventing the vehicle from ipping and bumping when the pilot performs the required maneuvers [2, 3] . Currently, research on QUAVs is mainly dedicated to the design and improvement of the control algorithms, a large part of which is committed to the control of the QUAV attitude (see, for example, [3] [4] [5] [6] [7] [8] [9] [10] [11] ).
Many scholars are dedicated to optimizing the control algorithms and exploring the strong external forces to stabilize the closed-loop system of the QUAV regardless of its characteristics. To the best of our knowledge, the literature concerning the dynamic analysis of the attitude of the QUAV is scant. Understanding the dynamic characteristics of a QUAV attitude system before designing and control is necessary. In addition, it is signi cant to study how the energy exchanges on the dynamics and the parameter con gurations in uence di erent dynamical behaviors (for instance, sink, periodic orbit, quasiperiodic orbit, and chaos). Furthermore, the dynamic analysis directs the design of the controller to achieve a desired performance. If a strong controller was designed without considering the characteristics of an open-loop QUAV, the control would expend energy in suppressing the oscillations, and such a controller would damage the actuator through the crude use of force. Building a dynamic model of a QUAV and studying its dynamic analysis are therefore significant in both dynamic research on chaos and practical applications.
Current modeling is mainly divided into mechanism modeling and system identification modeling. e former requires ample knowledge of the QUAV flight dynamics, which include flight mechanics, rigid dynamics, aerodynamics, and flipping angle dynamics. e latter needs data acquisition during flight testing to extract a simulation model. e method of acquisition is relatively simple and does not require a prior knowledge of the system dynamics. At present, the models established have generally six degrees of freedom. Some researchers used mechanical modeling [8, 9, [12] [13] [14] [15] [16] [17] , and others combined methods using mechanical modeling first and then using system identification techniques to obtain the parameters [3, 18] . Initially, dynamic models-linearized or otherwise-were developed, ignoring one or more effects of internal forces, air drag, and gyroscopic effects. Recently, literature studies have thrown up models that are considering more of the influencing factors including internal force, air drag, gyroscopic effects, and active inputs [14] [15] [16] .
Although these models demonstrate very good results with their control algorithms, the literature contains little concerning the dynamic analysis of the QUAV attitude system. ere has also been scant research on the chaotic behavior of the QUAV attitude system. Why there is lack of research on QUAV chaos? One of the main variables of the QUAV attitude system is angular velocity. However, observations are made with angles rather than angular velocity. Angles are associated with integrals of angular velocities, and therefore, the former are much smoother than the latter. Angles are evaluated and measured but do not necessarily undergo chaotic behavior if the angular velocities behave chaotically. According to the studies reported in [19] [20] [21] , angular velocities usually display chaotic modes for a forceddissipative rigid body, the description of which is given by the Kolmogorov model. e literature studies concerning the dynamic analysis of the attitude of the QUAV are scant; therefore, we can refer to the research of many other physical forced-dissipative rigid or generalized rigid systems exhibiting chaotic motion under some parameter configurations or disturbances, for instance, the chaotic system of a brushless DC motor (BLDCM) [22] and the chaos and bifurcation of a permanent magnet synchronous motor (PMSM) [23] . Although both the motors are electromechanical systems, they can be regarded as generalized rigid bodies for the study of their dynamics (see in particular [24, 25] ). Moreover, many numerical chaotic systems were converted to resemble rigid-body systems by transforming the system to the Kolmogorov formalism. Details of the nature of the mechanism or energy were thus revealed [26] [27] [28] [29] [30] . e satellite is also a rigid body that within certain regions in its parameter space displays chaotic behavior. Kuang et al. [19] gave a chaotic analysis of the attitude of the satellite under small disturbances of its moments. Faramin and Ataei [20] analyzed the chaos of the satellite attitude via the Lyapunov exponents (LEs), designed a nonlinear robust control to suppress chaos, and confirmed its suppression using Melnikov's analysis. Generally, the Melnikov method affords the necessary conditions for the existence of chaotic motion [31] [32] [33] [34] . In dynamic research, a typical rigid body is the gyrostat. Doroshin [21] presented a model of a gyroscopic system and analyzed its strange attractors. Qi [35] modeled a class of generalized 4D Euler's rigid systems and then presented the mechanical mechanism of a derived Hamiltonian conservative chaotic system that exhibits strong ergodicity. As the QUAV is a very typical rigid-body system, basic dynamic analysis of the attitude system of a QUAV is meaningful for controller design.
In this paper, a dimensionalized attitude system of a rigid-body QUAV describing real yaw maneuvers is developed. By adjusting the values of some structural parameters and the rotor speeds through thrusts, the angular velocities of the QUAV attitude system demonstrate chaotic behavior. e significances of this modeling and findings on the QUAV are as follows: (1) a new physical chaotic model is provided for future research of dynamic, bifurcation analysis; (2) the chaos finding and investigation provide the important warning that when configurations of bobweight, moment of inertia, and speeds of front and rear propellers, etc. are improperly designed, the flight has great potentiality entering into the region of chaos or oscillation which brings about a great difficulty to control; and (3) it is a much more challengeable task for controller design once the QUAV takes on the chaotic behavior than the ordinary flight.
It is found that the chaotic system has a saddle and two stable node-focus equilibrium points for some parameter configurations and rotor speeds.
ere are few chaotic systems with equilibrium points of these stability types, especially for physical systems with actual backgrounds. ese types of equilibria have the possibility to produce hidden attractors.
is again increases the potentiality of danger during the flight when the QUAV is disturbed by wind, thereby entering the hidden region. e pitchfork bifurcation of equilibrium points is provided in this paper. Rich dynamics of the system are uncovered via two bifurcation regions, which demonstrates the diversity of the flight behavior when the parameters vary. One bifurcation region displays dynamics with respect to the speed of the front propeller and the speed difference of the front and left propellers. Another bifurcation region shows dynamics of the speed of the front propeller and moment of inertia with respect to the x-axis. Regions in the parameter space that are susceptible to chaos in the hovering state are analyzed in detail. e dynamic characteristics of the QUAV are further verified by the Casimir power bifurcations. e energy exchange, energy change rate, and reasons for the formation of the dynamic characteristics of the system are revealed via Casimir energy and Casimir power. e trajectories of three settings with different structural parameters are analyzed in 2 Complexity detail. e stability of the QUAV is found to be enhanced for certain optimized values of the structural parameters. e results of this dynamic analysis are helpful in the design of the shape and bobweight of a QUAV and in setting the direction of the driving force and its magnitude. is research also helps to suppress any large fluctuations in speed and chaotic motion in the case of yaw movement because of incorrect configurations of the moments of inertia and other system parameters. At last, with the Lagrange multiplier technique and Casimir power, an analytical supremum bound of the chaotic attractor is given. e boundary of the system can help to comprehend the global dynamics of the system, such as indicating that the system's total energy and amplitude of the variable cannot grow unboundedly. e rest of this paper is organized as follows: e model of the QUAV attitude system is provided in Section 2. e pitchfork bifurcation is plotted in Section 3. e detailed dynamic analysis is given in Section 4. e supremum bound of the chaotic attractor is proposed in Section 5. Section 6 presents our conclusions.
Quadrotor Dynamic Model
A full description of the motion of the quadrotor requires two reference frames (Figure 1 ), specifically the earth's inertial frame (E-frame) and the body-fixed frame (B-frame).
To set up the dynamic model of the QUAV, the primary assumptions are as follows [36] .
e QUAV is considered a strictly rigid body.
Assumption 2.
e configuration of the quadrotor is completely symmetrical with respect to the x-z and x-y planes, and the inertia matrix is time invariant.
Assumption 3.
rusts are proportional to the square of the propeller speed. e mathematical model of the QUAV has six degrees of freedom and can be divided into three parts: attitude dynamics, kinematic model, and position dynamics. e force relationship among the three dynamical subsystems is illustrated in Figure 2 . e dynamic equations for the QUAV are [15, 16] 
is called the QUAV position system, where m denotes the total mass of the QUAV and ξ � x y z T the position of the center of mass of the QUAV in the E-frame. e term F f represents the resultant force generated by the four propellers of the QUAV and is expressed as
where F T � 4 i�1 bΩ 2 i , with coefficient b relating to lift and Ω i (j � 1, 2, 3, 4) the rotational speed of the j-th propeller of the QUAV (Figure 1 ). Angles ϕ, θ, and ψ are related to roll, pitch, and yaw, respectively. Θ � ϕ θ ψ T is the vector of angular attitude with respect to the E-frame. e term F d represents the resultant force generated along the x-, y-, and z-axes:
where k 1 , k 2 , and k 3 are translational drag coefficients. e gravitational force F g is written as
en, the QUAV position dynamic system is specified as
e second equation of system (1) is called the QUAV attitude system. Here, I ∈ R 3×3 is a symmetrical positive-definite constant matrix associated with the inertia of the QUAV with respect to the B-frame and is defined as
where I x , I y , and I z are the three moments of inertia with respect to the x-, y-, and z-axes. e vector ω � p q r T is the vector of attitude angular velocity with respect to the B-frame, and S(Iω) is an antisymmetric matrix specified as
e term Γ α denotes the resultant moment generated by the gyroscopic effect:
where I r is the total rotational moment of inertia around the propeller of the QUAV and Ω is the speed of the rotorcraft which is defined as
e term Γ d denotes the rotational translational drag torque:
where k i (i � 4, 5, 6) are the positive drag coefficients for the rotor dynamics. e term Γ f is the torque associated with the thrust generated by the active input and has the following form:
where l denotes the distance from the center of the QUAV to the center of the rotation axis of the propeller and d the drag coefficient.
e vector field of equation (7), the attitude system of the QUAV, is a force field constituted from four torques: inertial torque, − S(Iω)ω; internal torque (often called the gyro effect), Γ α ; dissipative torque, − Γ d ; and external torque, Γ f . is decomposition of the total torque conforms with the Kolmogorov system; see references [24, 25, 37] . e QUAV attitude system is specified as
is system is the core subsystem of the QUAV system ( Figure 2 ).
To implement yaw maneuvers, the speeds of the front and rear propellers should be equal, i.e., Ω 1 � Ω 3 (Figure 1 ), as must the speeds of the left and right propellers, i.e., Ω 2 � Ω 4 . If the speeds of the front and left propellers differ, c � Ω 2 − Ω 1 ≠ 0, a countertorque is produced. Furthermore, keeping the overall thrust equal to the force of gravity on the quadrotor, a yaw maneuver occurs when hovering. For the QUAV, the yaw maneuver meets the conditions τ ϕ � 0,
Substituting these conditions into equation (13), the QUAV attitude system under yaw maneuver is simplified to
Next, we investigate the dynamic characteristics and mechanical analysis of system (15) . e relationship between the vector of attitude angular velocity _
respect to the E-frame and the vector of attitude angular velocity ω � p q r T with respect to the B-frame is expressed as
e detailed relationship between the angular velocity vector with respect to the E-frame and the angular velocity vector with respect to the B-frame was explained in reference [38] .
Equilibrium of the QUAV Attitude System during Yaw Maneuvers
, the equilibrium points of system (15) are then completely stated as
where 
From equation (18), the signs of a 2 2 , a 2 13 , and a 2 14 are key in determining the existence of equilibrium points. Looking at Table 1 , we can see there exists a pitchfork bifurcation at which these equilibrium points might undergo transitions from one equilibrium point to three equilibrium points and from three to five. e values of the parameters used below are taken from references [3, 8] , which were acquired from a modified version of the QUAV Draganflyer III. All of its parameter values are listed in Table 2 , which we adopt along with setting c � 5 rad/s to investigate the bifurcation characteristics of yaw maneuvers.
In accordance with the transition condition of the equilibrium points (Table 1) , the speed of the front propeller Ω 1 is selected as an independent variable, adopting the values of all other parameters in Table 2 . ere is a transition that the equilibrium points undergo: a transition from one to three equilibrium points and a transition in the speed of the front propeller at Ω 1 � 6.3852 rad/s. A calculation shows that it is impossible for a 2 2 , a 2 13 , and a 2 14 to be positive at the same time; that is, a 2 , a 13 , and a 14 cannot be real numbers simultaneously, and therefore, the transition from three to five does not occur with these parameter settings. Hence, there are mainly three equilibrium points for the yaw maneuver. e pitchfork bifurcation diagram of the yaw maneuver is shown in Figure 3 . e changes of stability of equilibrium points E 1 , E 2 , and E 3 with respect to parameter Ω 1 are displayed.
When Ω 1 ∈ (0, 6.3852)(rad/s), there is only one stable equilibrium point E 1 . When Ω 1 ∈ (6.3852, 200) (rad/s), E 1 changes its stability type to be saddle and E 2 and E 3 become stable nodefoci. e QUAV attitude system (15) encounters pitchfork bifurcation near Ω 1 � 6.3852 rad/s. When a pitchfork bifurcation takes place, the QUAV undergoes some complicated dynamics. e system orbit may enter into either one of two undesired stable equilibrium points or run periodically, multiperiodically, or even chaotically. is is the hidden difficulty with the system. e Casimir function, C(x), also referred to as the energy-momentum [24, 39] , is a significant physical quantity in chaotic system analysis [24, 25, 37] . In the QUAV attitude
represents the rotational kinetic energy, i.e., Table 2 : Parameter values of the quadrotor [3, 8] .
Complexity e Casimir power, the rate of change of the Casimir energy, is
Note that the term 2d(c 2 + 2cΩ 1 )r is the supplied power provided by the propelling thrust and the term (k 4 p 2 + k 5 q 2 + k 6 r 2 ) is the dissipated power lost due to air drag. erefore, the Casimir power is the difference between the supplied power and the dissipated power.
Remark 2. Casimir energy, C(x), is the rotational kinetic energy of the QUAV, with unit kg·m 2 ·rad 2 /s 2 � N·m � J. Casimir power, _ C(x), is the rotational power of the QUAV, with unit W.
Remark 3. From the Casimir energy and the Casimir power, we draw the following conclusions [24, 37] :
(1) If _ C(x) > 0 holds for all times, then the system's orbit diverges as a source.
(2) If _ C(x) is a nonzero constant, i.e., _ C(x) ≡ 0 with C(x) ≠ 0, then the orbit is periodic.
(3) If _ C(x) < 0 holds for all times, then the orbit converges to a sink. (4) If _ C(x) oscillates periodically, then the orbit is periodic.
is bounded and irregularly vibrating around the zero line, then the orbit is chaotic. (6) If _ C(x) converges to zero asymptotically, then the orbit converges to a sink. us, the Casimir power provides criteria to determine whether a system produces chaotic motion.
In this section, stability analysis and a pitchfork bifurcation of the equilibrium points were presented. Casimir energy and Casimir power of the system were derived, which reflect the characteristics of the system trajectory. is will be demonstrated in the next section.
Dynamic Analysis
4.1. Basic Dynamic Analysis. In the following sections, we take the initial condition as ω 0 � p 0 q 0 r 0 T � 0.001 0.001 0.001 T (rad/s). Detailed dynamic analyses of the system (15) via Lyapunov exponents, equilibrium point analysis, and bifurcation analyses are provided. Setting c � 5 rad/s and Ω 1 � 30 rad/s, and adopting the values of all other parameters in Table 2 , the trajectory of system (15) falls towards a sink, the maximum LE L 1 � − 0.00991, and the Lyapunov dimension equals zero, matching observations (Figure 4(a) ). When c � 5 rad/s and Ω 1 � 196.4 rad/s, the orbit of system (15) is chaotic, the maximum LE L 1 � 0.040392, and the Lyapunov dimension equals 2.1753, confirming that the QUAV operates in a chaotic mode (Figure 4(b) ). Although the chaotic mode is weak, because the body is very small, it still has a relatively large impact on the QUAV.
To comprehend the influence of the rotational speed parameter Ω 1 and speed difference c on the QUAV attitude system (15) during yaw maneuvers, we varied Ω 1 ∈ [50, 500] (rad/s) and c ∈ [3, 7] (rad/s), leaving the remaining parameters as given in Table 2 . e regions of various dynamical orbits are plotted in Figure 5 . e blue area indicates trajectories of the system converging to a sink. is implies that, under this parameter configuration, the attitude of the QUAV is relatively stable and easy to control. e red region indicates trajectories that are chaotic, signifying that the angular velocity of the QUAV has irregular oscillations and is not conducive to control. e yellow region marks orbits that are periodic, but the QUAV is still unstable as periodic oscillations occur. Compared with the emergence of chaos, the periodic oscillations in the angular velocity are regular and relatively easy to control. We see that, with increasing rotor speed difference c, the trajectory of the QUAV is inclined towards chaos when the rotor speed Ω 1 is relatively low.
Remark 4.
e condition of the QUAV in hovering at the equilibrium point, ϕ � 0 rad, θ � 0 rad, and ψ � 0 rad, is
For the parameter values given in Table 2 , we have the following relationship between the speed of the front rotor Ω 1 and the rotor speed difference c:
Setting the ranges c ∈ [3, 7] (rad/s) and Ω 1 ∈ [50, 500] (rad/s), when c and Ω 1 satisfy equation (22), the QUAV e relationship between the two parameters is shown in Figure 6 . erefore, the yaw maneuver in the hovering state should be performed to avoid chaotic movements as much as possible. When Ω 1 ∈ (197.4, 500] (rad/s) and c ∈ [3, 7] (rad/s), the resultant force is in the range of F f ∈ (4.591, 29.175](N), which is larger than the force of gravity, mg � 4.591 N, and hence, the QUAV takes off.
When Ω 1 ∈ [195. 4, 197.4 ] (rad/s) and c ∈ [4.5, 5.2] (rad/s), the QUAV tends to behave chaotically in the hovering state ( Figure 5 ). e QUAV has rich dynamics as demonstrated macroscopically by the bifurcation diagram of the angular velocity component p with respect to Ω 1 with c � 5 rad/s (Figure 7 ). When Ω 1 ∈ (0, 147] (rad/s), the system's trajectory converges onto a sink. Note also that when Ω 1 � 40 rad/s, the convergence point for the trajectory switches from sink E 2 to sink E 3 . is can be seen more clearly from the phase portraits (Figures 8(a) and 8(c) ).
Setting Ω 1 � 30 rad/s, the trajectory converges to E 2 (Figure 8(b) ); with the same initial point, but setting Ω 1 � 100 rad/s, the trajectory approaches E 3 (Figure 8(c) ). e angular velocity of the system demonstrates chaotic behavior in the parameter range Ω 1 ∈ (147, 203) ∪ (216, 244) (rad/s), in which the magnitude of the velocity varies much widely and randomly (Figures 7(a) and 8(e) ). When this dynamic arises, the QUAV undergoes excessive wear that may shorten its lifetime and may even be catastrophic. Other dynamics also exist. When Ω 1 ∈ [203, 216] ∪ [244, 280] (rad/s), the system switches to different angular velocities periodically (Figures 7(a) and 8(g) ). is remains a big problem with the hovering state. e reason for this bifurcation of the dynamical behavior is the reaction of the change in torque as the speed of the front propeller, Ω 1 , changes. To analyze the changes in the four torques is complicated because of their vector nature. Instead, we focus on the scalar quantity energy, especially the Casimir energy and Casimir power.
e Casimir power formula (20) is related to the front speed Ω 1 and the difference of speed of the front and left propellers c. As Ω 1 or c varies, the power changes. e bifurcation diagram of the Casimir power (Figure 7(b) ) is identical to the state bifurcation of p Complexity (Figure 7(a) ). When Ω 1 ∈ (0, 147] (rad/s), the Casimir power converges to zero. e convergence is clearly demonstrated by the time series of the Casimir power (Figures 8(b) and 8(d) ), which means that, during energy exchange, the supplied power falls gradually below the dissipative power. is allows the dynamical behavior to converge finally to one of two sinks, either E 2 (Figure 8(b) ) or E 3 (Figure 8(c) ). Remark 3(6) points out this conclusion. After the parameter point Ω 1 � 147 rad/s, the Casimir power bursts and irregularly switches along the zero line (Figures 7(b) and 8(f ) ), which means the Casimir energy leaps from one level to another level higher; the energy exchange is sudden and sets up an imbalance between the supplied and the dissipated power. e resultant torque from the propelling thrust and air drag is not in synchrony but conflicts. Consequently, the angular velocity enters a chaotic mode, as described in Remark 3 (5) . For a periodic orbit, taking Ω 1 � 260 (rad/s), the Casimir power operates multiperiodically along the zero line (Figure 8(h) ); the velocity of the system also behaves multiperiodically (Figure 8(g) ), as claimed in Remark 3 (4) . e identification between the bifurcation of the Casimir power (Figure 7(b) ) and the bifurcation of the angular speed p (Figure 7(a) ) clearly demonstrates that the energy exchange is the main mechanism for different dynamics.
When Ω 1 � 196.4 rad/s, the system undergoes chaotic behavior (Figure 8(e) ), but the chaotic degree is not so strong as that in some classic systems, such as the Lorenz system and the Chen system. is is true in practice because the QUAV system has four rotors and therefore does not normally operate chaotically in most settings. Even if it oscillates chaotically, the degree is not so dramatic. We may find some explanation from the nature of stability of the equilibrium points. In Table 3 , we list the equilibrium points and the corresponding eigenvalues of the chaotic system under different parameter values Ω 1 ; the remaining parameters are fixed as given in Table 2 . Unlike the classic Lorenz system, both the Chen and Lü systems, with their three saddle equilibrium points, easily produce chaos to some degree. We find that, with Ω 1 ∈ [6.3852, 280] (rad/s), the system has one saddle equilibrium point and two stable node-foci (Table 3) . is stability of the equilibrium points is similar to the stability of the system proposed in reference [40] in which weak chaos was produced.
Similarly, to study the influence of the structural parameters, specifically the moment of inertia I x and the speed of the front propeller Ω 1 , we varied I x and Ω 1 , fixing the remaining parameter values as given in Table 2 . e regions of various dynamical orbits are plotted in Figure 9 , with each color having the same meaning as in Figure 5 . We realized that chaos is more likely to occur with relatively large values of speed Ω 1 with increasing I x . e bifurcation plots of p (Figure 10(a) ) and the Casimir power (Figure 10(b) ) against Ω 1 are also displayed with I x � 4e − 3 kg·m 2 .
We see that, in the region I x ∈ [3e − 5, 7e − 5] (kg·m 2 ) and Ω 1 ∈ [50, 500] (rad/s), when Ω 1 � 5 rad/s and Ω 1 � 196.4 rad/s, they satisfy the condition of equation (21), and hence, the rotorcraft is in a hovering state. From Figure  9 , we can see that when I x ∈ [4.8e − 5, 5.5e − 5] (kg·m 2 ), the QUAV tends to undergo chaos in the hovering state. erefore, this also must be taken into account when performing a yaw maneuver while hovering or indeed designing the QUAV controller.
Rich Dynamics under Different Structural Parameters.
In this section, we study the influence of the structural parameters of system (15) on the system trajectory and the influence of different trajectories on the dynamics of the position system (6) .
e initial values are ω 0 � p 0 q 0 r 0 T � 0.001 0.001 0.001] T (rad/s), c � 5 rad/s, and Ω 1 � 196.4 rad/s, with all other parameter values fixed as given in Table 2 , except for the moments of inertia. We still assume that the initial state of the QUAV is hovering. We introduce three different inertial configurations: Case 1: let I x � 4.9e − 3kg·m 2 , I y � 9.8e − 3 kg·m 2 , I z � 8.8e − 3 kg·m 2 , and I r � 3.4e − 5 kg·m 2 , then the system (15) undergoes chaos (Figure 11(a) ). Case 2: let I x � 4.9e − 3 kg·m 2 , I y � 9.8e − 3 kg·m 2 , I z � 8.8e − 3 kg·m 2 , and I r � 3.4e − 4 kg·m 2 , then the orbit of system (15) is periodic (Figure 11(b) ). Case 3: let I x � 6.8e − 3 kg·m 2 , I y � 7.8e − 3 kg·m 2 , I z � 8.8e − 3 kg·m 2 , and I r � 3.4e − 5 kg·m 2 , then the trajectory converges to a sink (Figure 11(c) ).
When evolving from Case 1 to Case 2, the trajectory of the system transitions from chaotic to periodic behavior when only the moment of inertia I r is changed. is change can be obtained simply by changing the radius of the rotors but without changing the overall weight of the QUAV. When evolving from Case 1 to Case 3, we similarly keep the values of all other parameters unchanged except for the moments of inertia I x and I y . is is achieved by adjusting the weight ratio or the shape of the rotor along the xand y-axes. en, the initial chaotic trajectory converges to a sink.
Note that the main variable in system (15) is the QUAV's angular velocity. As a consequence, various dynamical behaviors exhibited by the QUAV are nearly imperceptible, and we observe the physical Euler angles in the attitude system. e chaotic behavior of angular velocity is not necessarily chaotic in the Euler angles. is is why chaotic behavior is not observed by researchers, and hence, the phenomenon and its characteristics have been ignored. e relationship between the angular velocities of the three axes in the B-frame and the angular speeds in the E-frame (inertial frame) is expressed in equation (16) .
Consider the resultant Euler angle after the transformation of equation (16) for these three cases. e blue, orange, and green curves in Figure 12 correspond to the trajectories for Cases 1, 2, and 3, respectively. e time series of the angular velocity p in Case 1 indicates chaos (Figure 12(a) ). e oscillation amplitude of the angular velocity p is quite large. Note that, at this time, we are performing the yaw maneuver, so this large oscillation in angular velocity p is undesired. For Case 2, the orbit of angular velocity is periodic for which the amplitude is apparently smaller than that for Case 1. For Case 3, where the angular velocity p becomes attracted to a sink, its value is almost equal to zero and the QUAV is relatively stable and easy to control. 
Complexity
In Figure 12(b) , in the chaotic state for angular velocity (Case 1), the roll angle ϕ does not behave so erratically as the angular velocity, p; however, we still find that the roll angle reaches 2.5546 rad � 146.95 ∘ after 15 s, indicating the maneuver is dangerous and a likelihood the QUAV will crash. For the periodic orbit for angular velocity (Case 2), the roll angle also behaves periodically. e roll angle peaks at − 1.3689 rad � − 78.4 ∘ after 22 s. In addition, we observed that, for Cases 1 and 2, the maximum amplitude of the roll angle is larger than that of the pitch angle θ (Figure 12(c) ).
is dynamical feature arises because I x is much smaller than I y . In addition, comparing these two cases, the stability of the system is improved when I r is increased. erefore, we also find that the stability of the system may be optimized by changing I r even if the difference between I x and I y is relatively large. Changing I r is attained by adjusting the radius of the rotor, which is much easier than changing the overall structures of the QUAV. All of these factors should be considered in the design of the QUAV structure and controller. For Case 3, trajectories of the roll and pitch angles of the QUAV are relatively stable. Moreover, from Figure 12(d) , it can be seen that the yaw angle ψ varies the most, and a change in yaw angle is what we expect. Once again, for yaw maneuvering, structural parameters have been demonstrated to be superior for Case 3 that for the other two cases.
From the first equation of equation (6), we find the acceleration of the QUAV along the z-axis to be
For Case 1, the QUAV has an acceleration a z of − 18.2 m/s 2 after 15 s (Figure 12(e) ), the acceleration being almost twice that of the acceleration of gravity. is further indicates that when chaos takes place, the QUAV is in a precarious region and descends very rapidly (Figure 12(f ) ). If the QUAV flies at an altitude of 200 m, it falls to the ground in only 17.66 s. In Case 2, the acceleration of the QUAV a z reaches − 8.0272 m/s 2 after 22 s but still rapidly descends (Figure 12(f ) ). However, the decline for Case 1 is much slower than that for Case 2, falling to the ground in about 32 s from the same altitude (Figure 12(f ) ). For Case 3, the change in a z is very small at this time; consequently, the flight of the QUAV is relatively stable. e summary of the section is stated as follows. e rich dynamics of the system uncovered mainly via two bifurcation regions reveal the effects of different inputs on the dynamics of the system under fixed structural parameters and uncover the impact of active input and structural parameters on system stability. e coincidence between the state bifurcation and Casimir bifurcation demonstrates that the change in Casimir power reflects the dynamic properties of the system. e importance of selecting suitable structural parameters that improve the stability of the rotorcraft has been demonstrated via a comparison of the three cases. Specifically, the rotorcraft is much easier to control when the trajectory of the QUAV attitude system converges to a sink rather than it goes into chaotic or periodic states. e dynamic analysis in this section has important guidance in designing the shape, the bobweight of a QUAV, the driving force direction, and the magnitude. All of these help to avoid producing large oscillations in speed and even generating chaos due to incorrect configuration parameters or precipitous driving forces. Moreover, the detailed dynamic analysis guides the design of the controller to attain an anticipated performance. If a strong controller that takes no account of the characteristics of the open-loop QUAV is designed, the control has to consume the energy in suppressing the oscillations. A strong controller would also destroy the actuator through the crude application of forces.
Boundary of the QUAV Attitude System
e extremal points of the Casimir function of the QUAV attitude system are determined by setting _ C � 0 in equation (20) ; the triaxle ellipsoid equation then becomes
For ∀ω � [p, q, r] T ≠ 0, when the trajectory of the system runs inside Ξ e , _ C > 0, the Casimir energy increases until _ C � 0 (red "○" in Figures 13(a) and 13(b)), where the maxima are obtained. Conversely, for ∀ω ≠ 0, when the trajectory of the system runs outside Ξ e , _ C < 0, the Casimir energy decreases until _ C � 0 (yellow " * " in Figures 13(a) and 13(b)), where the minima are obtained. To see the maxima and minima more clearly, we removed the ellipsoid in Figure 13 (b). In Figures 13(a) and 13(b), green "△" and "☆"are the equilibrium points of the system, which must be on the surface of Ξ e because _ C � (zC/zω) _ ω � 0 when _ ω � 0. Here, via the Lagrange multiplier method, we simply give the supremum bound of system (15) . 
Proof. e supremum bound is defined as max C � 1 2 I x p 2 + I y q 2 + I z r 2 .
and therefore, k 4 p 2 + k 5 q 2 + k 6 r 2 � 2d c 2 + 2cΩ 1 r.
e Lagrange function becomes L � 1 2 I x p 2 + I y q 2 + I z r 2 + λ k 4 p 2 + k 5 q 2 + k 6 r 2 − 2d c 2 + 2cΩ 1 r ,
where λ is the Lagrange multiplier. e derivatives of L for each of its variables are 
We identify two stagnation points: p � 0 (rad/s), q � 0 (rad/s), r � 0(rad/s) and p � 0 (rad/s), q � 0 (rad/s), r � 2d(c 2 + 2cΩ 1 )/k 6 (rad/s). Clearly, the maximum value is obtained with the latter, with the supremum ellipsoid being 
which is illustrated in Figure 13 (c). e proof of eorem 1 is completed.
□ e supremum bound of the QUAV attitude system (15) was provided in this section. If the trajectory of a system continuously shrinks, it converges onto a sink. If the system trajectory expands unboundedly, it acts as a source and no chaos emerges. For a chaotic system, there exists a positive LE making the system grow exponentially. However, if the orbits are confined within a bound, the system expands and contracts continuously in a dimension of fractional number with zero phase space. erefore, the boundary to the system trajectory is a necessary condition in generating chaos. In addition, the boundary also implies that the system's total energy and amplitude of the variable cannot grow unboundedly. e global stability of the strange attractor is formed because of the boundary.
Conclusion
A model of a chaotic QUAV attitude rigid-body system was established.
e pitchfork bifurcation of the equilibrium points was displayed revealing the hidden trouble in the QUAV dynamics. e rich dynamics of the system were specified via the regions of various dynamical behaviors and bifurcations of the structural and rotational speed parameters of the system. e regions in which the rotor speeds and structural parameters tended towards chaotic behavior in the hovering state were analyzed in detail. Furthermore, the dynamics of the system were verified through the Casimir power bifurcation. e stability of the system is enhanced by optimizing the structural parameters, which we illustrated through three cases with different structural parameters. Finally, the supremum bound of the chaotic attractor was presented using the Casimir power and the Lagrange multiplier method. For the chaotic model of the QUAV, there is a large parameter space that needs to be investigated in terms of control, the fractional-order system, dynamic analysis, hidden chaos, and transient chaos. How to design the controller when the system enters into the parameter region of chaos or oscillation is a challengeable task. e hidden chaos and multistability are also the open topics for other researchers.
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